‘ ! ! . UCRL-PROC-209569

LAWRENCE
LIVERMORE
NATIONAL

worron | A POSteriori Error Estimators for Solutions
to the Time Domain Maxwell Equations

M. L. Stowell, D. A. White

February 10, 2005

SIAM Computational Science and Engineering
Orlando, FL, United States
February 12, 2005 through February 15, 2005




Disclaimer

This document was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor the University of California nor any of their
employees, makes any warranty, express or implied, or assumes any legal liability or responsibility for
the accuracy, completeness, or usefulness of any information, apparatus, product, or process
disclosed, or represents that its use would not infringe privately owned rights. Reference herein to any
specific commercial product, process, or service by trade name, trademark, manufacturer, or otherwise,
does not necessarily constitute or imply its endorsement, recommendation, or favoring by the United
States Government or the University of California. The views and opinions of authors expressed herein
do not necessarily state or reflect those of the United States Government or the University of California,
and shall not be used for advertising or product endorsement purposes.



A Posteriori Error Estimators for Solutions to
the Time Domain Maxwell Equations

Mark L. Stowell, LLNL

Daniel A. White, LLNL
S AM Conference on Computational Science and
Engineering
Feb 12-15, 2005

Thiswork was performed under the auspices of the U.S. Department of Energy by University of
California, Lawrence Livermore National Laboratory under Contract W-7405-Eng-48.

UCRL-PROC-209569



Review of Maxwell’s Equations

e Maxwell’s Equations Continuity Considerations

Electric Field (E)
6%—?:V><H—J, VeD=0, D=cE

,LL%—I;I:—VXE, VeB=0, B=uH

e \Wave Equation nx(E1—E32)=0,72:(D1—-D2)=0
‘E _ oJ '
€%t2 ——Uxp 'VxE-Z Magnetic Flux (B)
e Diffusion Equation
—assume oE=J+eZ>
0%:—qu_1VxE nx (Hy—Hz)=0,7-(B1—-B2)=0



Review of Patch Recovery Error
Estimators

e In standard computational elasticity the Piecewise constant stress o
primary variable is the displacement w.
A linear u gives rise to a piecewise con-
stant stress o.

e Smoothing o (computing nodal aver-
ages) gives a more palatable result to the
user, and can be shown to be more accu-
rate (Oden & Reddy, 1973.)

e The smooth (recovered) stress o, can be
used to estimate the error in the compu-
tation (Zienkiewicz & Zhu, 1992,1993.) Error = |o, — 0]




Modified Patch Recovery for Maxwell’s
Equations

e Modification required
— We want to process E and B directly, not the gradients
— We need to deal with partial continuity of E and B
— Cell-centered vs. node-centered




Sampling Points for Modified
Patch Recovery

e p = 1 Biquadratic polynomial fit




Review of Explicit Residual Error
Estimators

e For equations of the form:
aV x xV xu, + pu, =f(j,u,_1,...)
e The error, e := u(t,) — u,, satisfies the defect equation:
a(xV x e,V xq)rz2q) + (Be,q)r2) = r(q) Vq € Hy(curl)
e Definition of the Residual:
r(q) := (f,q)r20) —a(xVx1u,, VXQq)12(0)—(Bun,q)12(q) Ya € Ho(curl)

e Explicit Residual methods attempt to measure how closely a computed
solution satisfies the differential equation.

e For an analysis of this method for Nédélec’s edge elements see Beck,
Hiptmair, Hoppe, and WohIimuth, 2000



Explicit Residual Error Estimators for
Maxwell’s Equations

e Estimate consists of four separate terms

V-D=0 ng :=hrll 5 V-E=80)l 121y, TEeTh
fi- (D1 —D3)=0 ng;:h;mn \/E_AKn,f_Bﬁ)]JHLQ(F), FeFy

Diff. Eqn.

n X (Hl—Hg):O

nl:=hr | T E—aVxxVxa—B)| 27y, TETh

T 1

nt i=hi ? || o2 Inxx VX1l 12y FeF,
Where
[(naQ>]J3:<naQ>|FcTout _<n7Q>|FCTin and [HXQ]JianCIchout —NnXqQrFcTy,

e The total error estimate is given by:

B X
77%12(”5)2+(77f)2+ZFe}“(T)mFi”t le—i(né?)2+2,|<£ (m)”




Key Differences of the Two Methods

e Residual Methods
— Not simply a measure of the curvature of the fields
— Depends on both the field and its derivative
— Takes into account the specific PDE being solved
— Takes into account time integration

— Can distinguish different types of errors

e Patch Recovery
— Provides a smoother representation of the field

— Computationally efficient



Convergence Results for the
Diffusion Equation on a Distorted Mesh

10 T 10
LPR Error Energy P1 =—— LPR Error Energy P2 =——
Ideal Convergence P1 —— Ideal Convergence P2 ——
1 1
. A . \
0.01 | ] 0.01 \/
1/5 lliO 1/20 1/5 1/10 1/20
p=1 p=2
e True error and LPR overlap e LPR is rather erratic
e All measures converge at e Others converge at expected
expected rate rate
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Convergence Results for the
Wave Equation on a Cartesian Mesh

100 : 10
LPR Error Energy P1 =—— LPR Error Energy P2 =——
Ideal Convergence P1 =—— 1L Ideal Convergence P2 ——— |
10 |
0.1 ]
1 \
\ 0.01 | :
0.1 * 0.001 *
1/5 1/10 1/20 1/5 1/10 1/20
p=1 p=2
e All errors show expected con- e All errors show expected con-
vergence rate (h') vergence rate (h?)

e LPR matches global error but e LPR under-estimates the error
differs spacially
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Error Distribution Results for the Wave
Equation

E Error
Field Energy
LPR Residual
Error Error
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sSummary

e \We developed and tested a modified patch recovery scheme for Maxwell’s
Equations

— Computationally efficient
— Provides a smoothed representation of the solution
e We implemented the Beck-Hiptmair-Hoppe-Wohlmuth explicit residual error
estimator concept for both the wave equation and the diffusion equation
— Works equally well throughout the mesh
— Distinguishes errors arising from various characteristics of the solution

e Both methods...

— account for jump discontinuity of fields across material interfaces
— work for arbitrary order basis functions

13



Questions...
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Error Distribution Results for the
Diffusion Equation on a Cartesian Mesh

LPR
Error

~

2
lu—a||7 2

Residual
Error

IV % (u=a)[|7 2
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Residual Based Error Estimation

aV x xV xu, +pu, =f

Where u is the new iterative solution computed at a given time step and f contains
both the source term as well as the previous solutions.

e \ector Diffusion Equation for the Electric Field
a=1/2,x=p"",B=0/dt
f=—0:J—(1—a)VXp ' VXup_1+Zun_1
e Newmark Beta Scheme for the Second order Vector Wave Equation
a=[0,1],x=p"*,8=¢/dt?

f:—(‘?tJ—Vx,u_1V><{(1—2a)un_1—|—aun_2}—|—ﬁ(2un_1—un_g)
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Definition of The Residual

r(q) = (f,q)r2(0) — a(xV X1,V XQq)r2(0) — (81,q)r2(0)Vq € Ho(curl)

Using e := u — u this definition becomes:

r(q) = a(xVXe, VXq)rzq) + (Be,q)r2@) Vq € Hy(curl)
Which we then split in two pieces:

r(@”) = (8e’,q°)r2(q) vq® € H{(curl)
T(qj_) — a(vaeJ_a VXqJ_)L2(Q) + (,BGJ", qJ")L2(Q) VqL - Hd‘(CUH)

H{Y(curl) := {q € Hy(curl)|Vxq = 0}
Hy (curl) := {q € Ho(curl)|(8q,q°)z2(0) = 0Vq" € HJ(curl)}
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Resulting Error Terms

e Estimate consists of four separate terms

V-D=0 = g :=hrllJZV-(E=Ba)l 121y, T€Th
:(D1-D2)=0 = g i=h!*|| A=[nf=F@)]s ]l 12, FEFh,
Diff. Eqn. = nli=hr | L E-aVxxVxu-B)|2(r), TETh
Ax(Hi—Hz)=0 = nf:i=h}/?|| o2 nxxVxlsll 2(p), FeFn

Where
[(n,9)];:=(n,q)|rcry,, —(n,q)|rcr,, aNd [nxq],;:=nxqrcr,,, —nxqrcr,,
e The total error estimate is given by:

B X
77’%::(7731)2+(77T)2+ZF6}"(T)ﬁ]—"int 2;—2("5)2_'_2;2 (m)”
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